Abstract. Let N (a, m) be the least integer n (if it exists) such that ϕ(n) ≡ a (mod m). Friedlander and Shparlinski proved that for any ε > 0 there exists A = A(ε) > 0 such that for any positive integer m which has no prime divisors p < (log m) A and any integer a with gcd(a, m) = 1, we have the bound N (a, m) m 3+ε . In the present paper we improve this bound to N (a, m) m 2+ε .
Introduction
The distribution properties of the values of Euler's function ϕ(n) in arithmetic progressions have been studied in a series of papers; see for example [1] - [5] . Friedlander and Shparlinski investigated the size of the least integer n, to be denoted by N (a, m), such that ( 
1.1) ϕ(n) ≡ a (mod m).
They proved that if m = q is a prime number, then N (a, q) q 5/2+ε , which afterwards was improved by Garaev to N (a, q) q 2+ε . In the case of a composite number modulo m, Friedlander and Shparlinski established that for some A = A(ε) > 0 if (a, m) = 1 and if m has no prime divisors p < (log m) A(ε) , then N (a, m) m 3+ε . The aim of the present paper is to improve this bound further to N (a, m) m 2+ε , which at the same time extends Garaev's bound to this class of composites modulo m. In the opposite direction, the result of Friedlander and Luca [3] implies that there exists a sequence of arithmetical progressions
The proof
As in the paper of Friedlander and Shparlinski, we look for a solution of the congruence in question in the form n = p 1 p 2 p 3 , where the p j are prime numbers that run through prime numbers of certain disjoint intervals.
Let k ≥ 2 be a fixed positive integer constant. Let I 1 , I 2 , I 3 be sets of primes defined as follows:
The sets I 1 , I 2 , I 3 are pairwise disjoint for any sufficiently large integer m. We will prove that if m is a large integer with no prime divisors less than (log m)
and if (a, m) = 1, then the congruence
has solutions. The number J of solutions of this congruence is equal to
where χ runs through all multiplicative characters modulo m and the primes p 1 , p 2 , p 3 belong to the sets I 1 , I 2 , I 3 , respectively. Thus
where
To prove that J > 0 it is enough to prove that
Preliminary lemmas.
Lemma 2.1. The following bounds hold:
Proof. This follows easily from [4, Lemma 4].
Lemma 2.2. The following bounds hold:
Proof. We easily check that
where J j is the number of pairs (
In the case of j = 2, since |p − p | < m implies that p = p for those pairs, so the number of pairs is exactly |I 2 |. Lemma 2.1 gives
In the case of j = 1, since |p−p | < m 1+1/k , for each p, the number of primes p with
To prove (2.3) we observe that
where J 3 is the number of (
Since both products are less than m, the number of solutions of this congruence is bounded by (2.5)
where 
Proof. We can write
From Rakhmonov's work [6] it is known that if χ = χ 0 is a multiplicative character modulo m and (l, m) = 1, then
where q is taken modulo the conductor of χ, q 1 = p|m,p q p and τ is the divisor function.
The maximum value of τ (q) √ q holds when q is the least prime divisor of m that is greater than (log m)
Finally we use the known estimate, m ϕ(m) log log m.
End of the proof.
Following the idea of [5] , we split the set of nonprincipal characters into two subsets:
Thus, from (2.1) we have
To estimate A we observe that
Using Lemma 2.2 we get that
To estimate B , we first note that
Next we estimate |B| using Lemma 2.2:
Thus |B| (log m)
(log m)
We use again that 
|B|(log m)
Inserting this estimate together with (2.7) into (2.6), we get that
Thus, we have proved that for m large enough the congruence
, we finish the proof of our theorem.
Exceptional residues
In this section we take into account the referee's suggestion and show that under the conditions of Theorem 1.1 the bound N (a, m) m 1+ε holds for almost all reduced residue classes a modulo m. Proof. We use the notation introduced in the proof of Theorem 1. 
can be written in the form
Now replacing in the proof of Theorem 1.1 the set I 2 by H 1 , we obtain
Thus J = 0, and we get a contradiction.
Remarks
We remark that the proof of Theorem 1.1 allows us to eliminate the influence of characters that belong to the set B, while for characters from the set A we have estimates over very short intervals. This shows that a possible improvement on the length for the interval in Rakhmonov's character sum estimate would not reduce the exponent 2 in the upper bound N (a, m) m 2+ε unless some additional ingredient were introduced. Indeed, in order for the argument to proceed, two dense sets are needed (like I 1 and I 2 ) which already contribute the quantity m 2+o(1) to the upper bound for N (a, m) .
Finally we remark that Theorems 1.1, 3.1 can be put into the following more general statement. The proof of Theorem 4.1 follows the same lines as the proofs of Theorems 1.1 and 3.1 and we leave it to the interested reader as an exercise.
